
 

It is helpful to use a line diagram when dealing with midpoint problems.  Label the endpoints 

and midpoint, and iden fy the coordinates of each: 

 

The difference between points 𝐀 and M can be expressed in two dimensions as a vector using 

“〈 〉” instead of “  ”.  Let’s find the difference (note: “difference” implies subtrac on). 

         1,    2  Point 𝐌 

      3, 3  Point 𝐀 

      〈 2,     5〉  Difference vector 

The difference vector can then be applied to the midpoint to get the coordinates of point 𝐃. 

            1, 2  Point 𝐌 

      〈 2, 5〉 Difference vector 

         𝟏, 7   Point D.  Therefore, we conclude that  𝒙 𝟏. 

Note that the 𝑦-value of point 𝐃 in the solu on matches the 𝑦-value of point 𝐃 in the 

statement of the problem. 

 

 

There are two possible line diagrams for this problem:  1) D is between C and E,  2) E is 

between C and D.  In these diagrams, we show distances instead of point values: 

   Case 1      Case 2 

 

 

      

          𝑥 15.8 3.5 𝟏𝟐. 𝟑 𝐜𝐦               𝑥 15.8 3.5 𝟏𝟗. 𝟑 𝐜𝐦 

 

 

Since S is a midpoint,     3𝑥 3 5𝑥 6 

          9 2𝑥 

             𝑥 

Finally,  𝐑𝐓 3𝑥 3 5𝑥 6 8𝑥 3 8 3 𝟑𝟑 
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Based on the diagram, we have:  3𝑦 5 4𝑦 1 9𝑦 12 

                7𝑦 4 9𝑦 12 

                        16 2𝑦 

                           𝟖 𝒚 

 

 

Let the two angles be called angle A and angle B.  Let’s rewrite the problem in 

terms of these two angles. 

“Angles A and B	are complementary.  𝑚∠𝐀 21° 2 𝑚∠𝐁 .” 

Let the measures of the angles be represented by the names of the angles.  Then, 

𝐴 𝐵 90°        2𝐴 2𝐵 180°     𝐴 𝐵 90° 

𝐴 21° 2𝐵       𝐴 2𝐵    21°  67° 𝐵 90° 

           3𝐴           201°                𝑩 𝟐𝟑° 

              𝑨             𝟔𝟕° 

The measures of the two angles then, are, 𝟔𝟕° and 𝟐𝟑° 

 

 

The two angles are supplementary.  Let’s call them angle A and 

angle B.  Rewrite the problem in terms of these two angles.  

“Angles A and B	are supplementary.  𝑚∠𝐀 𝟕𝟖° 𝑚∠𝐁.” 

Let the measures of the angles be represented by the names of the angles.  Then, 

𝐴 𝐵   180°         𝐴 𝐵 180°        𝐴 𝐵 180° 

𝐴 78° 𝐵       𝐴 𝐵   78°  129° 𝐵 180° 

           2𝐴         258°                  𝑩   𝟓𝟏° 

              𝑨         𝟏𝟐𝟗° 

The measures of the two angles then, are, 𝟏𝟐𝟗° and 𝟓𝟏° 
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𝐹𝐶 ⊥ 𝐴𝐸  implies that  ∠𝐹𝐺𝐸  is a right angle (i.e., 𝑚∠𝐹𝐺𝐸 90° .   

Then,  5𝑥 10° 90° 

     5𝑥            80° 

       𝒙            𝟏𝟔° 

 

 

∠𝐵𝐺𝐷  is a right angle (i.e., 𝑚∠𝐵𝐺𝐷 90° .   

Then,  16𝑥 4° 2𝑥 13° 90° 

       18𝑥 9° 90° 

       18𝑥          81° 

            𝒙          𝟒. 𝟓° 

 

 

 

The formula for the distance between points is:  𝑑 𝑥 𝑥 𝑦 𝑦  

Let point 1 be 𝐴 0, 0 , and let point 2 be 𝐵 6, 8 .  Then, 

𝒅 6 0 8 0 √100 𝟏𝟎  Note: 6-8-10 is a Pythagorean Triple 

 

 

𝒅 3 2 15 3 √169 𝟏𝟑  Note: 5-12-13 is a Pythagorean Triple 

 

 

𝒅 9 1 13 2 √289 𝟏𝟕  Note: 8-15-17 is a Pythagorean Triple 

 

 

𝒅 9 12 6 2 √25 𝟓  Note: 3-4-5 is a Pythagorean Triple 
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The coordinates of the midpoint are the averages of the coordinates of the endpoints. 

      9,   3  Point 𝐊 

      5,   7  Point 𝐇 

      4, 10 2 𝟐, 𝟓  Midpoint  

 

 

 

The coordinates of the midpoint are the averages of the coordinates of the endpoints. 

       12, 7  Point 𝐖 

      8, 4  Point 𝐓 

     20, 11 2 𝟏𝟎, 𝟓. 𝟓  Midpoint  

 

 

 

 

 

This problem is similar to Problem 1: 

 

The difference between points 𝐅 and M can be expressed in two dimensions as a vector using 

“〈 〉” instead of “  ”.  Let’s find the difference (note: “difference” implies subtrac on). 

            4,    3  Point 𝐌 

         5,    8  Point 𝐅 

          〈 1, 5〉  Difference vector 

The difference vector can then be applied to the midpoint to get the coordinates of point 𝐃. 

            4,    3  Point 𝐌 

      〈 1, 5〉 Difference vector 

            𝟑, 𝟐   Point 𝐃 
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This problem is similar to Problem 1: 

 

The difference between points 𝐅 and M can be expressed in two dimensions as a vector using 

“〈 〉” instead of “  ”.  Let’s find the difference (note: “difference” implies subtrac on). 

            1, 2  Point 𝐌 

      3, 8  Point 𝐅 

          〈   4,    6〉  Difference vector 

The difference vector can then be applied to the midpoint to get the coordinates of point 𝐃. 

            1, 2  Point 𝐌 

      〈   4,    6〉 Difference vector 

            𝟓,    𝟒   Point 𝐃 

 

 

 

 

Since 𝑆 is the Midpoint of 𝑅𝑇, 6𝑥 5 8𝑥 1 

               6 2𝑥 

    3 𝑥                 

Also, 𝑅𝑇 6𝑥 5 8𝑥 1 14𝑥 4 14 3 4 46 

Since 𝑇 is the Midpoint of 𝑅𝑈,  𝑅𝑇 𝑇𝑈, so  𝑇𝑈 11𝑦 13 46 

                 11𝑦 33 

        𝒚 𝟑                 

 

 

An obtuse angle has a measure greater than 90° and less than 180°.  So, 

90° 12𝑥 6° 180° 

96°      12𝑥    186° a er adding 6° to all three parts of the inequality 

   𝟖°        𝒙      𝟏𝟓. 𝟓° a er dividing all three parts of the inequality by 12 

 

Page 5 of 10



 

Since 𝑆�⃗� bisects ∠𝑅𝑆𝑈, we have:  𝑥 2𝑦 1 6𝑥 9 

Since 𝑆�⃗� bisects ∠𝑇𝑆𝑉, we have:  6𝑥 9 2𝑦 5 

There are a number of ways to solve these simultaneous equa ons.  Let’s 

use subs tu on: 

Both equa ons have an expression equal to  6𝑥 9, so let’s set these expressions equal 

to each other: 

𝑥 2𝑦 1 2𝑦 5 

𝑥 1 5  a er subtrac ng 2𝑦 from both sides 

𝑥 6 

Use the second equa on above to find 𝑦: 

6𝑥 9 2𝑦 5 

6 6 9 2𝑦 5 

27 2𝑦 5 

22 2𝑦 

𝑦 11 

Finally:  𝒎∠𝑹𝑺𝑻 𝑥 2𝑦 1 ° 6 2 11 1 ° 𝟐𝟕° 

 

 

 

Let’s turn this into equa ons because the English is confusing. 

𝑚∠1 𝑚∠2 90° 

𝑚∠2 𝑚∠3 180° 

𝑚∠3 126° 

Working with these equa ons from bo om to top, we get: 

𝑚∠3 126° 

𝑚∠2 𝑚∠3 𝑚∠2 126° 180°,  so  𝑚∠2 54° 

𝑚∠1 𝑚∠2 𝑚∠1 54° 90° so  𝒎∠𝟏 𝟑𝟔° 
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Some mes, it helps to draw your own picture. From the picture shown to 

the right, it is easy to see how the angles line up.  We have: 

𝑚∠𝑊𝑋𝑌 𝑚∠𝑌𝑋𝑍 90° because the two angles must be complementary.  So, 

6𝑦 3° 4𝑦 13° 90° 

10𝑦 10° 90° 

10𝑦 80° 

𝒚 𝟖° 

 

 

 

Since 𝑂𝑁⃖ ⃗ bisects 𝐿𝑀, the segments 𝐿𝑁 and 𝑁𝑀 are equal in length.  So, 

3𝑥 2 7𝑥 1 

3 4𝑥 

𝑥
3
4

 

Then,  𝐿𝑀 𝐿𝑁 𝑁𝑀 3𝑥 2 7𝑥 1  

10𝑥 1 

10
3
4

1 

30
4

4
4

  
34
4

  
𝟏𝟕
𝟐

  𝟖. 𝟓 

 

 

 

We have complementary angles with measures 𝑥 and 𝑦 such that the following are true: 

𝑥 𝑦 90°          𝑥 𝑦 90°  𝑥 𝑦 90° 

𝑥 𝑦 24°       𝑥    𝑦 24°          57° 𝑦 90° 

        2𝑥 114°          𝒚 𝟑𝟑° 

          𝒙    𝟓𝟕° 

So, the measures of the two angles are 𝟓𝟕° and 𝟑𝟑°. 
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We have supplementary angles with measures 𝑥 and 𝑦 such that the following are true: 

𝑥 𝑦 180°          𝑥 𝑦 180°  𝑥 𝑦 180° 

𝑥 𝑦 36°       𝑥    𝑦    36°          72° 𝑦 180° 

        2𝑥 144°          𝒚 𝟏𝟎𝟖° 

           𝒙   𝟕𝟐° 

So, the measures of the two angles are 𝟕𝟐° and 𝟏𝟎𝟖°. 

 

  

𝑇𝑅 and 𝑇�⃗� will be perpendicular if 𝑚∠𝑅𝑇𝑆 90°.  So, 

8𝑥 18° 90° 

8𝑥 72° 

𝒙 𝟗° 

 

 

If ∠𝑃𝑇𝑅 is a right angle, then, ∠𝑃𝑇𝑄 and ∠𝑄𝑇𝑅 are 

complementary.  So,  

3𝑦 10° 𝑦 90° 

4𝑦 10° 90° 

4𝑦 100° 

𝒚 𝟐𝟓° 

 

 

We have two pair of supplementary angles that can be solved as 

follows: 

     𝑥 10 ° 70° 180°  2𝑦 20 ° 70° 180° 

      𝑥 80° 180°    2𝑦 90° 180° 

        𝒙 𝟏𝟎𝟎°     2𝑦 90° 

         𝒚 𝟒𝟓° 
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This ques on is asking for “𝑥 𝑦”.  Be careful! 

As in the previous problem, we have two pair of supplementary 

angles that can be solved as follows: 

𝑥 50 180      130 𝑦 180  

𝑥 130       𝑦 50       𝒙 𝒚 130 50 𝟖𝟎 

Note that another way to find 𝑦 is that the angles shown as 𝑦° and 50° are ver cal angles, so 

they must have the same measure.  Therefore, 𝑦 50. 

 

Problems 29 to 34 are Algebra Review 

 

To factor a trinomial with a lead coefficient of 1, consider the following (see p. 68 in the 

Algebra Handbook available on www.mathguy.us). 

For this problem,  𝑝 𝑞 8,  and  𝑝 ∙ 𝑞 15. 

Thinking about possibili es we conclude that 𝑝 

and 𝑞 must be 3 and 5.  Then, 

𝑥 8𝑥 15 𝒙 𝟑 𝒙 𝟓  

 

 

For this problem,  𝑝 𝑞 9,  and  𝑝 ∙ 𝑞 14. 

𝑝 and 𝑞 must both be nega ve because the coefficient of 𝑥 in the original expression is 

nega ve, but the constant term is posi ve. 

Thinking about possibili es we conclude that 𝑝 and 𝑞 must be 2 and 7.  Then, 

𝑥 9𝑥 14 𝒙 𝟐 𝒙 𝟕  

 

 

First, factor out the greatest common factor:  12𝑥 26𝑥 10 2 6𝑥 13𝑥 5  

To factor a trinomial with a lead coefficient other than 1, consider the steps shown on p. 69 in 

the Algebra Handbook.  The AC Method works without considering mul ple possible solu ons. 

Alterna vely, the factored form must be: 𝑚𝑥 𝑝 𝑛𝑥 𝑞 .  So, 𝑚 ∙ 𝑛  is the coefficient of 

𝑥  and 𝑝 ∙ 𝑞  is the constant term.  If there are not many possibili es for 𝑚, 𝑛, 𝑝, 𝑞, we can try 

various combina ons of 𝑚, 𝑛, 𝑝, 𝑞 to see if the correct coefficient of the 𝑥 term results when 

mul plying 𝑚𝑥 𝑝 𝑛𝑥 𝑞 .  Doing this with 6𝑥 13𝑥 5  from above, we se le on: 

12𝑥 26𝑥 10  2 6𝑥 13𝑥 5   𝟐 𝟐𝒙 𝟓 𝟑𝒙 𝟏 . 
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Page 62 of the Algebra Handbook describes the FOIL and Box methods of mul plying 

polynomials.  Let’s use FOIL for this problem. 

Mul ply:  4𝑥 3 4𝑥 3  

First:     4𝑥 ∙ 4𝑥 16𝑥  

Outside:  4𝑥 ∙ 3 12𝑥 

Inside:     3 ∙ 4𝑥 12𝑥 

Last:     3 ∙ 3 9  

Now, add the resul ng terms:  16𝑥 12𝑥 12𝑥 9 𝟏𝟔𝒙𝟐 𝟐𝟒𝒙 𝟗 

 

 

Mul ply:  𝑥 5 𝑥 5  

First:     4 ∙ 4 𝑥  

Outside:  𝑥 ∙ 5 5𝑥 

Inside:     5 ∙ 𝑥 5𝑥 

Last:     5 ∙ 5 25  

Now, add the resul ng terms:  𝑥 5𝑥 5𝑥 25 𝒙𝟐 𝟏𝟎𝒙 𝟐𝟓 

 

 

3√6 3 ∙ √6 9 ∙ 6 𝟓𝟒 

Alterna vely, 

3√6 ∙ 3√6 3 ∙ 3 ∙ √6 ∙ √6 9 ∙ 6 𝟓𝟒 

 

 

When 𝑥 6,   3𝑦 4 ∙ 6 15 39,   so   𝑦 13.  The resul ng point is 6, 13 . 

When 𝑥 21,   3𝑦 4 ∙ 21 15 99,   so   𝑦 33.  The resul ng point is 21, 33 . 

The coordinates of the midpoint are the averages of the coordinates of the endpoints. 

           6, 13  1st Point 

      21, 33  2nd Point 

          27, 46 2 𝟏𝟑. 𝟓, 𝟐𝟑  Midpoint 
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